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A comparison of the linear sigma model (LσM) and Chiral Perturbation Theory (ChPT) predic-
tions for pion and kaon dynamics is presented. Lowest and next-to-leading order terms in the ChPT
amplitudes are reproduced if one restricts to scalar resonance exchange. Some low energy constants
of the order p4 ChPT Lagrangian are fixed in terms of scalar meson masses. Present values of these
low energy constants are compatible with the LσM dynamics. We conclude that more accurate
values would be most useful either to falsify the LσM or to show its capability to shed some light
on the controversial scalar physics.
PACS numbers: 13.75.Lb, 12.39.Fe, 14.40.-n, 11.30.Rd
I. INTRODUCTION
Among the well know difficulties one has to face when
dealing with low energy hadron physics, those linked to
the nature, properties and effects of scalar meson reso-
nances are notoriously problematic and continue to re-
main unsolved along the years. In this sense, several
interesting proposals have appeared concerning the con-
stitution of these scalars as multiquark states [1], KK¯
molecules [2] or ordinary qq¯ mesons, strongly distorted
by unitary corrections [3] or without these drastic distor-
tions. But none of these proposals seems to be definitely
preferable and discussions on the nature of the scalar res-
onances are still open (see Ref. [4] for a recent discussion).
This controversial situation is probably related to the dif-
ficulties encountered when extracting the main properties
of the scalars from experimental data which are often af-
fected by the opening of two-pseudoscalar decay chan-
nels. Indeed, a look at the current (or previous) PDG
edition(s) [5] shows a proliferation of scalar states above
1 GeV and conflictive or poor data —usually affected by
large uncertainties— for their f0(980) and a0(980) part-
ners with masses close to the KK¯ threshold. In partic-
ular, there is no consensus on the existence of the pipi
scalar resonance σ(600) and, eventually, on the nature of
this state.
At first sight, the situation concerning the σ(600) has
been considerably improved thanks to two sets of recent
experimental results. The first set refers to radiative φ→
pi0pi0γ decays, as recently measured by the CMD-2 and
SND Collaborations at VEPP-2M [6, 7] and, with higher
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accuracy, by the KLOE detector at DAΦNE [8]. Another
set of data comes from the D+s → pi−pi+pi+ Dalitz-plot
analysis performed by the E791 Collaboration at Fermi-
lab [9]. In all these experiments [6, 7, 8, 9] one deals with
a channel which is rich in strangeness, thus favoring the
formation of intermediate KK¯ meson pairs. The f0(980)
is then eminently visible whereas the σ(600) seems to
be completely absent. By contrast, the σ(600) seems to
play the dominant role in the strangeness-poor channel
D+ → pi−pi+pi+ [10]. Although other interpretations are
certainly possible and criticisms have been raised, these
results suggest that the σ(600) couples strongly to pion
pairs but not to kaon pairs. In the U(3) × U(3) linear
sigma model (LσM), proposed many years ago by Levy,
Gasiorowicz, Schechter and coworkers [11], the σ(600)
couplings to pion and kaon pairs are directly predicted
to be proportional to m2σ − m2pi and m2σ − m2K , respec-
tively. The existence of such a low mass resonance of the
LσM, with mσ ≃ mK , would thus immediately explain
the above experimental findings [6, 7, 8, 9, 10]. This
simple observation has renewed our interest on the LσM.
Many theoretical discussions on scalar resonances have
been published along the years based on the LσM
[12, 13, 14] but we would like to concentrate on those
recently appeared in Refs. [15, 16, 17, 18]. The main ad-
vantages of the LσM are the central role played by the
scalar states and the high predictability of the model.
The drawback, however, is that the predictability be-
comes really effective only if a minimum of the scalar
meson properties are accurately known and can be used
as a solid input to fix the model parameters. This is
clearly illustrated when comparing the conclusions of the
four previously mentioned recent papers on the LσM
[15, 16, 17, 18]. In spite of the fact that all of them
are based on the same Lagrangian, their predictions on
the scalar properties are notoriously divergent [15]. For
instance, the mass of the strange κ and the σ mesons are
2predicted to be, respectively, around 900 and 375 MeV in
Ref. [15], 1120 and 650 MeV in Ref. [16], and still higher
values for these scalar masses follow from Ref. [17]. For
many authors, the LσM is thus a kind of “toy model”
unable to account for the data even in a first order ap-
proximation.
Unfortunately, the recently published data on radia-
tive φ decays and three-pion decays of D and Ds mesons
do not represent a decisive improvement on our knowl-
edge of the scalars. Indeed, when the values of the var-
ious scalar couplings are extracted from the latter data,
contradictions with previous estimates appear, as briefly
discussed in Ref. [9]. Something similar happens with the
interpretation of the dipion invariant mass spectrum in
φ → pi0pi0γ. The data samples of the three experimen-
tal groups [6, 7, 8] are quite compatible and their anal-
yses are similarly based on the same kaon-loop mecha-
nism [19, 20, 21]. According to this common mechanism,
K+K− pairs copiously produced in φ decays rescatter
into pi0pi0 through a scalar dominated s-channel after the
emission of a photon. But the σ(600) contribution is
simply not considered or found to have negligible effects
in the analyses of Refs. [6, 7] (see also [22]), whereas it
plays a major role according to the analysis of Ref. [8].
Since this unpleasant situation concerning scalar states
has been lasting for many years, we propose to adopt a
different strategy. Namely, to complement the LσM with
the guidance of the solid theoretical framework of Chi-
ral Perturbation Theory (ChPT), rather than with the
direct use of poorly known and disputable experimental
data on scalar resonances.
Nowadays ChPT is considered to be the appropriate
framework to discuss hadronic interactions at low energy
[23]. Leading role in ChPT is reserved to the octet of
pseudoscalar mesons, hereafter denoted P8, entering as
external lines in the various diagrams and also as inter-
nal lines in chiral loops. The effects of meson resonances
—including those generated by the exchange of low mass
scalar states— are assumed to manifest in ChPT through
the low energy constants in the various counterterms
needed to cancel the pseudoscalar loop divergencies. The
values of these low energy constants are assumed to be
saturated by resonance exchange effects in their corre-
sponding channels [23, 24, 25, 26]. This saturation and
other relationships between the LσM and ChPT have
been discussed by several authors at different levels with
somewhat conflicting conclusions. In Refs. [24, 27], for in-
stance, the inability of scalar resonance exchange as dic-
tated by the LσM to account for the ten next-to-leading
terms of the ChPT Lagrangian is seen as a proof against
LσM dynamics. Less explicitly, this criticism is similarly
mentioned in the recent and comprehensive treatment of
the LσM in Ref. [16]. We certainly agree on the inability
of scalar resonances alone to saturate all ten low energy
constants of the ChPT Lagrangian, L1,...,10, but we still
believe that they do saturate the part of these constants
corresponding to scalar exchange. In this sense, we ad-
here to the proposal by Ecker et al. [25], or the analysis in
Ref. [28], and try to take advantage of the present knowl-
edge of the appropriate terms of the ChPT Lagrangian
to shed some light into the confuse and controversial sec-
tor of scalar mesons. As we will see, the information one
can extract is not detailed but provides an average be-
havior over the whole scalar multiplet(s). But, because
of this, it is also free from details concerning the opening
of individual channels at different thresholds and thus
avoids one of the major problems encountered in scalar
data analyses. To this aim, we have to start discussing
the compatibility between the LσM and ChPT. These
two approaches are closely related and valuable informa-
tion on the scalar meson dynamics is contained in various
terms of the ChPT Lagrangian.
II. LσM AND CHPT LAGRANGIANS
The ChPT Lagrangian is written in terms of the octet
of pseudoscalar (Goldstone) mesons, P8, and the elec-
troweak gauge bosons, which need not to be considered
for our present purposes. In this case and at lowest order,
it contains a symmetrical kinetic term and a mass term
which breaks the SU(3) symmetry:
L2 = f
2
4
〈∂µU †∂µU〉+ f
2
4
2B0〈M(U + U †)〉 , (1)
where U = exp
(
i
√
2Φ/f
)
, Φ ≡ 1√
2
∑8
i=1 λiφ
(P )
i , φ
(P )
i
are the eight pseudoscalar fields and λi the Gell-Mann
matrices. Besides the pseudoscalar decay constant f =
fP8 , which at lowest order is common to all the octet
members, and the different quark masses appearing via
M = diag(mu,md,ms), other ten low energy constants,
Li, are required to express the next order piece of the
ChPT Lagrangian
L4 =
10∑
i=1
LiL(i)4 , (2)
with L(i)4 terms explicitly given in Ref. [23] and briefly
commented below.
Six of these constants, L1,3,4,5,6,8, are known to contain
the effects of scalar resonance exchange [25] and are the
relevant ones in our present discussion. L5,8 are found to
be saturated by the exchange of the scalar octet alone, S8,
while L3 contains contributions from both the scalar and
vector meson octets, i.e. L5,8 = L
S8
5,8 and L3 = L
S8
3 +L
V
3 .
Something similar happens to the other three relevant
low energy constants. L4,6 are saturated by the ex-
change of scalar resonances, while L1 contains contribu-
tions from both the scalar and vector meson multiplets,
L4,6 = L
S
4,6 and L1 = L
S
1 + L
V
1 . Remark however that
the scalar effects in L1,4,6 involve the whole scalar nonet,
S = S8 + S0, and turn out to be proportional to the
octet-singlet mass difference. Since this mass difference
vanishes in the largeNc limit, one usually assumes follow-
ing Ecker et al. [25] that these three low energy constants
3receive no important contributions from the scalar reso-
nances, i.e. LS81,4,6 + L
S0
1,4,6 ≡ LS1,4,6 ≃ 0, a rather dras-
tic approximation to be improved by our present LσM
analysis. Note that the characteristics of the six terms
multiplying the low energy constants are rather different:
L1,3 appear in SU(3)-symmetric terms consisting of four
derivative factors, L4,5 appear in terms with two deriva-
tive and one SU(3)-breaking (M) factors, and the L6,8
terms are non-derivative and contain two SU(3)-breaking
(M2) factors.
The LσM Lagrangian contains also SU(3)-symmetric
and SU(3)-breaking terms but, apart from this feature, it
is different from the ChPT Lagrangian. Indeed, although
the LσM Lagrangian is also written in terms of the pseu-
doscalar octet P8 it explicitly contains the pseudoscalar
singlet field, P0 = η0, and the whole nonet, S = S8 + S0,
of scalar fields. All these eighteen fields, φ
(P )
i and φ
(S)
i ,
with i = 0, 1, . . . , 8, are organized linearly in the meson
matrix
M ≡ S + iP , S, P = 1√
2
8∑
i=0
λiφ
(S,P )
i . (3)
The presence of the η0 singlet induces η-η
′ mixing effects
which are well defined in the LσM but not in ChPT,
where they proceed through an adjustable L7 term in
the Lagrangian. Moreover, in the LσM there are no
derivative terms —apart from those corresponding to
the kinetic energy given by the trace of 1√
2
∂µM∂
µM †.
The LσM terms accounting for the interactions are non-
derivative and their expression can be found in the re-
cent Refs. [15, 16, 17, 18]. They contain the trace of
several M -factors, such as MM † and MM †MM †, the
squared trace of MM † or the trace of an odd number of
M matrices in the two symmetry breaking terms. This
in sharp contrast with ChPT, where derivative couplings
are required by the Goldstone boson nature of the pseu-
doscalars.
Thus, even if the η0 and S = S8 + S0 fields are in-
tegrated out, the structure of the LσM and ChPT La-
grangians remains completely different. For this reason,
instead of matching at the Lagrangian level, we have to
compare the predictions of both approaches for the vari-
ous physical properties (masses and decay constants) and
scattering amplitudes for the pseudoscalar octet P8. In
this paper, we show that LσM and ChPT expressions
for fpi,K , m
2
pi,K and for the pipi → pipi, piK → piK and
KK¯ → KK¯ amplitudes consistently predict the values
of L1,3,4,5,6,8 in terms of the scalar resonance masses and
mixing angle. Due to the high predictability of the LσM,
these predictions are overconstrained and there is thus
no need to consider the eighth pseudoscalar state, η8,
which complicates the analysis by mixing with the sin-
glet η0 treated so differently in the LσM and in ChPT
(see below).
III. LσM RESULTS
From any of the recent analyses on the LσM in
Refs. [15, 16, 17, 18] one can easily deduce the follow-
ing relation
fK
fpi
=
M2κ −m2pi
M2κ −m2K
= 1 +
m2K −m2pi
M2κ
+ · · · , (4)
where M2κ is the squared mass of the strange scalar res-
onance, and m2pi,K and fpi,K are the squared masses and
decay constants of the pion and kaon isomultiplets. The
nine scalar mesons are assumed to be much heavier than
pions and kaons, M2S8,S0 ≫ m2pi,K , thus allowing for a
series expansion. The ellipsis in Eq. (4) and the follow-
ing LσM expressions, refer to terms of order 1/M4S8,S0 or
higher, that will be systematically neglected. We work in
the good isospin limit (mu = md) and present the results
in terms of physical quantities thus avoiding the use of
different notations introduced in Refs. [15, 16, 17, 18]. In
particular, we use fpi = 92.4 MeV.
The LσM expressions for the scattering amplitudes
are somewhat more involved. As well known, the three
isospin amplitudes, I = 0, 1, 2, governing pipi → pipi scat-
tering can be expressed in terms of a single amplitude
T (pi+pi− → pi0pi0). For the latter one easily obtains
T LσMpi+pi−→pi0pi0 =
s−m2pi
f2pi
[
1 + (s−m2pi)
(
cos2 φS
M2σ
+
sin2 φS
M2f0
)
+ · · ·
]
, (5)
where M2σ,f0 are the squared masses of the two physical
I = 0 scalar states and φS is their mixing angle in the
non-strange–strange quark basis (σNS, σS)
σ = cosφS σNS − sinφS σS ,
f0 = sinφS σNS + cosφS σS . (6)
For the Kpi → Kpi channel there are two isospin am-
plitudes but that for I = 1/2 can be deduced by crossing
symmetry from the I = 3/2 amplitude. For the latter
amplitude the LσM predicts
4T LσMK+pi+→K+pi+ =
1
2fpifK
{
t+ u−m2pi −m2K + (t−m2pi)(t−m2K)
×
[
cφS(cφS −
√
2 sφS)
M2σ
+
sφS(sφS +
√
2 cφS)
M2f0
+
(u−m2pi)(u −m2K)
M2κ
+ · · ·
}
, (7)
where (cφS , sφS) ≡ (cosφS , sinφS). Note that at this
level we distinguish between fpi and fK and among the
various scalar masses. Our LσM expressions are thus
exact except for terms of order 1/M4S8,S0 or higher.
The two isospin amplitudes for KK¯ → KK¯ scattering
are independent and can be deduced from
T LσMK+K−→K+K− =
1
f2K
{
s+ t− 2m2K +
(s−m2K)2 + (t−m2K)2
4
×
[
(cφS −
√
2 sφS)
2
M2σ
+
(sφS +
√
2 cφS)
2
M2f0
+
1
M2a0
]
+ · · ·
}
, (8)
and
T LσM
K+K−→K0K¯0 =
1
2f2K
{
s+ t− 2m2K +
(t−m2K)2
M2a0
+
(s−m2K)2
2
×
[
(cφS −
√
2 sφS)
2
M2σ
+
(sφS +
√
2 cφS)
2
M2f0
− 1
M2a0
]
+ · · ·
}
. (9)
This completes the LσM results we need to consider.
Note that all these amplitudes have the required Adler
zeroes and vanish when any of the pseudoscalar four-
momenta is sent to zero. Thanks to this feature, our
results can be expressed in a compact form and in terms
of physical quantities.
IV. CHPT RESULTS
Following the same order as in the preceding sec-
tion below we list the ChPT predictions. They include
the leading (lowest order) term and the contributions
from the six counterterms, L1,3,4,5,6,8, affected by the
scalar meson exchange we are considering. Needless to
say, these ChPT amplitudes at the next-to-leading order
should be completed by one-loop contributions and by
those coming from non-scalar exchange. For the ratio of
decay constants one has the well known ChPT result
fK
fpi
= 1 +
4L5
fpifK
(m2K −m2pi) + · · · , (10)
where the ellipsis stands for the non-scalar exchange ef-
fects that we are systematically neglecting.
For the various pion and kaon scattering amplitudes
we recover the results of Refs. [23] and [29, 30, 31, 32]:
TChPTpi+pi−→pi0pi0 =
s−m2pi
f2pi
+
4
f4pi
[
(2LS1 + L
S
3 )(s− 2m2pi)2 + 2(2L4 + L5)m2pi(s− 2m2pi) + 4(2L6 + L8)m4pi + · · ·
]
, (11)
TChPTK+pi+→K+pi+ =
t+ u−m2pi −m2K
2fpifK
+
4
f2pif
2
K
× {(4LS1 + LS3 )(t− 2m2pi)(t− 2m2K) + LS3 (u−m2pi −m2K)2
+4L4
[
t(m2pi +m
2
K)− 4m2pim2K
]
+ L5
[
(m2pi +m
2
K)(t+ u−m2pi −m2K)− 4m2pim2K
]
.
+8(2L6 + L8)m
2
pim
2
K + · · ·
}
, (12)
5TChPTK+K−→K+K− =
s+ t− 2m2K
f2K
+
4
f4K
× {(2LS1 + LS3 ) [(s− 2m2K)2 + (t− 2m2K)2]
−2(2L4 + L5)um2K + 8(2L6 + L8)m4K + · · ·
}
, (13)
and
TChPT
K+K−→K0K¯0 =
s+ t− 2m2K
2f2K
+
2
f4K
× {(4LS1 + LS3 )(s− 2m2K)2 + LS3 (t− 2m2K)2
+2(4L4 + L5)sm
2
K + 2L5tm
2
K − 8(2L4 + L5)m4K + 8(2L6 + L8)m4K + · · ·
}
. (14)
Note that the kinematical constraint s + t + u =
∑
m2i ,
where the sum extends to the four pseudoscalar masses
involved in each process, has been used to express the
amplitudes (11)–(14) in terms of the same kinematical
variables as in the corresponding LσM expressions (5)–
(9).
V. CONFRONTING THE LσM WITH CHPT
We are now ready to compare the results of the pre-
vious two sections. The simplest case corresponds to
Eqs. (4) and (10) from which one immediately obtains
L5 =
fpifK
4M2κ
. (15)
To identify the remaining low energy constants we
consider the scattering amplitudes. The leading terms,
which contain no scalar masses or Li’s constants, are seen
to be equivalent in both approaches as required by chiral
symmetry. Similarly, next-to-leading terms have also the
same structure showing thus the compatibility between
LσM and ChPT, even if SU(3)-breaking effects are re-
tained. From a direct comparison of the pi+pi− → pi0pi0
amplitudes one finds
2LS1 + L
S
3 = 2L4 + L5 = 4(2L6 + L8) =
f2pi
4
(
cos2 φS
M2σ
+
sin2 φS
M2f0
)
, (16)
while from K+K− → K+K− scattering one gets
2LS1 + L
S
3 = 2L4 + L5 = 4(2L6 + L8) =
f2K
16
[
(cφS −
√
2 sφS)
2
M2σ
+
(sφS +
√
2 cφS)
2
M2f0
+
1
M2a0
]
. (17)
The comparison of K+pi+ → K+pi+ and K+K− →
K0K¯0 scattering amplitudes is richer and allows to fix
some of the Li’s individually. From Kpi scattering am-
plitude one obtains
LS3 = L5 =
fpifK
4M2κ
, (18)
LS1 = L4 =
fpifK
16
[
cφS(cφS −
√
2 sφS)
M2σ
+
sφS(sφS +
√
2 cφS)
M2f0
− 1
M2κ
]
, (19)
62L6 + L8 =
fpifK
32
[
cφS(cφS −
√
2 sφS)
M2σ
+
sφS(sφS +
√
2 cφS)
M2f0
+
1
M2κ
]
, (20)
while KK¯ scattering requires
LS3 = L5 =
f2K
4M2a0
, (21)
LS1 = L4 =
f2K
32
[
(cφS −
√
2 sφS)
2
M2σ
+
(sφS +
√
2 cφS)
2
M2f0
− 3
M2a0
]
, (22)
2L6 + L8 =
f2K
64
[
cφS(cφS −
√
2 sφS)
M2σ
+
sφS(sφS +
√
2 cφS)
M2f0
+
1
M2a0
]
. (23)
L6 and L8 cannot be fixed individually but only in the
particular combination 2L6 + L8.
Remember that according to Eq. (4) corrections to
fK/fpi are of order 1/M
2
S. Therefore, in comparing the
leading order results of ChPT and the LσM we have to
maintain the flavor dependence of the pseudoscalar de-
cay constants, i.e. fK 6= fpi. On the other hand, when
comparing the predictions for the 1/M2S corrections we
can use fK = fpi since we are not interested in the 1/M
4
S
terms. Moreover, we neglect the flavor dependence of the
scalar octet (M2a0 = M
2
κ ≡ M2f8). In this SU(3) limit,
the scalar octet decouples from the singlet and the scalar
mixing angle in the non-strange–strange quark basis is
fixed to sinφS = −1/
√
3. In this case, the expressions
in Eqs. (15)–(23), which are equal up to SU(3)-breaking
corrections, consistently give
LS3 = L5 =
f2pi
4M2S8
, LS1 = L4 =
f2pi
12
(
1
M2S0
− 1
M2S8
)
, 2L6 + L8 =
f2pi
48
(
2
M2S0
+
1
M2S8
)
, (24)
where MS0 is the mass of the scalar singlet and MS8 the
mean mass of the octet,M2S8 ≡ 18
(
3M2a0 + 4M
2
κ +M
2
f8
)
.
These Eqs. (24) are our main results.
VI. COMPARISON AND CONCLUSIONS
As previously mentioned, the role of scalar resonances
in ChPT has been analyzed by other authors. Only in
a few cases, however, the precise LσM dynamics is in-
voked and the results are then presented without many
details. For instance, the expression for L5 in Eq. (24)
is not new, it reproduces Leutwyler’s result in Ref. [33].
Another analysis can be found in the well-known book
by Donoghue et al. [27], where the following relations are
presented,
2LS1 + L
S
3 = 2L4 + L5 = 4(2L6 + L8) =
f2pi
4M2S
. (25)
Here M2S stands for a generic scalar mass and agreement
with our results is achieved once the differences among
all the scalar masses are ignored.
Scalar resonance contributions to the ChPT low en-
ergy constants, Li, can be also computed from suitable
Lagrangians including the coupling of scalars to two pseu-
7doscalars [25, 34, 35]. In this approach one has
LS8+S01 =
c˜2d
2M2S0
− c
2
d
6M2S8
, LS83 =
c2d
2M2S8
,
LS8+S04 =
c˜dc˜m
M2S0
− cdcm
3M2S8
, LS85 =
cdcm
M2S8
,
2LS8+S06 + L
S8
8 =
c˜2m
M2S0
+
c˜2m
6M2S8
, (26)
where cd(c˜d) and cm(c˜m) are the constants of the deriva-
tive and massive terms coupling the scalar octet(singlet)
to two pseudoscalars. Comparing these predictions (26)
with the LσM results in the SU(3) limit (24), one gets
|cd| =
√
3 |c˜d| = fpi√
2
,
|cm| =
√
3 |c˜m| = fpi
2
√
2
, cdcm, c˜dc˜m > 0 , (27)
without invoking large–Nc arguments. For Nc → ∞,
MS8 = MS0 ≡ MS and the LσM predictions in Eq. (24)
reduce to
LS3 = L5 =
f2pi
4M2S
, LS1 = L4 = 0 ,
2L6 + L8 =
f2pi
16M2S
, (28)
in agreement with the analyses in Refs. [25, 33].
Numerical estimates of the LσM contribution to the
low energy constants could be obtained from Eqs. (24),
once fpi and the values forMS0 andMS8 are given. Unfor-
tunately the scalar meson masses are poorly known and
their corresponding LσM predictions depend strongly on
the input chosen [15, 16, 17, 18]. For instance, taking
m2pi,K , fpi,K and m
2
η +m
2
η′ as input values, the LσM La-
grangian predicts for the mean octet mass
MS8 = (1.1± 0.1) GeV . (29)
On the other hand MS0 cannot be fixed without addi-
tional inputs from the scalar sector. With a somewhat
enlarged error to account for the poor knowledge on this
scalar sector, one expects [15, 16, 17, 18]
MS0 = (0.8± 0.2) GeV . (30)
From these values and Eqs. (24) one gets
LS3 = L5 = (1.8± 0.3) 10−3 ,
LS1 = L4 = (0.5± 0.4) 10−3 ,
2L6 + L8 = (0.6± 0.2) 10−3 , (31)
to be compared with the following independent phe-
nomenological estimates.
In Ref. [35] an estimate is obtained assuming LS1 =
L4 = L6 = 0. In this detailed study one finds
L5 = (0.91± 0.15) 10−3 ,
L8 = (0.62± 0.20) 10−3 . (32)
A similar analysis performed in Ref. [33] leads to
L5 ≃ 2.2 10−3 , L8 ≃ 1.0 10−3 . (33)
Other authors have not imposed the large Nc prediction
LS1 = L4 = L6 = 0. For instance in Ref. [25], by now
a classical paper, Ecker et al. obtained a model indepen-
dent determination of the L’s:
L4 = (−0.3± 0.5) 10−3 ,
L6 = (−0.2± 0.3) 10−3 ,
L5 = (1.4± 0.5) 10−3 ,
L8 = (0.9± 0.3) 10−3 . (34)
In the context of the Inverse Amplitude Method of
Ref. [32], these latter results can be improved to L4 =
(−0.36 ± 0.17) 10−3, L6 = (0.07 ± 0.08) 10−3 and
L8 = (0.78 ± 0.18) 10−3 but we take these new values
only as indicative because of their model dependence.
The phenomenological estimates [25, 32, 35] have been
consistently computed at the same mass scale µ = Mρ.
Even if they show some dispersion, they are not far from
the LσM predictions in Eq. (31). An improvement on the
phenomenological values of these low energy constants
could fix the mass of the scalar singletMS0 and the mean
mass of the octet MS8 . For the latter, the well known es-
timate L5 = (1.4 ± 0.5) 10−3 of Ref. [25] and Eq. (24)
implyMS8 = (1.2±0.2) GeV. A confirmation of this cen-
tral value for L5 and a reduction of its error bars would
represent a success for the LσM. On the other hand a
crucial test would be the sign of L4, which cannot be
unambiguously fixed from the analyses in Ref. [25], that
quotes L4 = (−0.3 ± 0.5) 10−3. A negative L4 would
imply via Eq. (24) MS0 > MS8 representing a serious
problem for the LσM which prefers MS0 < MS8 , as in-
dicated in Eqs. (29) and (30). Similarly, a large positive
value for L4 would represent a problem for part of our
treatment: one would then have MS0 ≃ mK and poor
convergence in some of our series expansions. The LσM
prediction 2L6 + L8 = (0.6 ± 0.2) 10−3 in Eq. (24) fits
perfectly with the central value for 2L6 + L8 in Eq. (34)
coming from Ref. [25] but the error bars are too large to
draw a definite conclusion. Something similar happens
to the LσM predictions for LS1,3 which are only a fraction
of the measurable L1,3 and whose analysis is outside the
scope of this work.
In conclusion, we have compared the LσM and ChPT
predictions for pion and kaon dynamics. The leading
terms (order p2 in the chiral expansion) are entirely re-
produced by the LσM, as expected from chiral symme-
try. The next-to-leading terms (order p4) are also consis-
tently reproduced if one restricts to the terms generated
by scalar resonances. In this case, the scalar contribu-
tions to the low energy constants of the (order p4) ChPT
Lagrangian are fixed in terms of octet and singlet scalar
masses, MS8 and MS0 . The corresponding expressions
improve older results, which are recovered in the appro-
priate limits. Precise values for the low energy constants
8should be useful to confirm or falsify the LσM dynamics,
to fix some scalar resonance parameters and, hopefully,
to shed some light on the controversial nature of the low-
est lying scalar states.
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